Abstruct-In this note, we consider a vertical cable which is pinched at the upper end. A mass is attached at the lower end where a control force is also applied. We show that this hybrid system is uniformly stabilized by choosing a suitable control law for the control force depending on the velocity and angular velocity at the free end. Moreover for specific values of the feedback coefficients, we obtain the rate of decay of the energy of the system.
I. INTRODUCTION
In this paper, we study the stability of a pinched cable with a tip mass at the free end l l t f -I / , , = 0 0 < 5 < 1 t > 0.
(1) n(0. f ) = 0 t > 0, (2) f l z ( l . t ) + 7 n U i i ( l , t ) = -f ( t ) t > 0 (3) where, for simplicity, the wave speed and the length of the cable are chosen to be unity and a subscript letter denotes a partial differential with respect to the corresponding variable. In the above formulation,
(1) is the wave equation for the cable, (2) is the boundary condition at the clamped end, (3) is the boundary condition at the free end, m > 0 is the tip mass, and f ( t ) is the boundary control force applied at the free end. Our problem is to find a feedback control law f ( t ) so that the energy of the resulting closed-loop system decays uniformly to zero, both for the cable deflection and the motion of the tip mass.
Recall that the following linear feedback control law f ( f ) = (11/1(1, t ) 0 > 0 (4) has been shown sufficient for the strong stability, but not sufficient for the uniform stability (see [5] ). Moreover it was shown in d'Andrea et al. [l] , [2] , that the system (1)- (3) is strongly stabilizable for the Neuman condition at the end T = 0 by means of a suitable nonlinear feedback law for f ( t ) . and one can also prove that it is not uniformly stabilized by that feedback. The same phenomenon of lack of uniform stability occurs also in the case of an elastic beam with a tip mass, called SCOLE model (see [6] ). In fact, as shown in Rao [8] , we know that the classical feedback that one considers for the standard control problems are a compact perturbation of the uncontrolled system. It is well known that compact controls are not sufficient to provide uniform stability (see [12] , [4] , and [13]). Hence, to obtain uniform stability, one has to choose "stronger" feedback terms for f ( t ) such as u , t ( l , t ) instead of tif (1. t ) . Consequently, one has to work in higher energy space, and one can establish the uniform decay of energy for any smooth initial data (y(O), ~~( 0 ) )
Another way for obtaining uniform stability is to put a feedback control at the end where there is no tip mass (see [9] , [lo] The goal of this paper is to investigate the uniform stability of the system (1)-(3) for any initial data (y(O), ~~( 0 ) ) E H1(O. I) x L2(0. 1). This note is organized as follows. In Section 11, we establish the uniform decay of the cable deflection by means of an energy method. In Section 111, we carry out an analysis of the spectrum, and we give the decay rates for specific cases.
SWBILITY RESULTS
Throughout this paper, we propose the following linear feedback control law f ( t )
where a , cy are positive constants. Upon substituting ( 5 ) into (3), the latter becomes Let U be a smooth solution of the system (l), (2) , and (6) . We define the auxiliary functions
t ) . (7)
Hence we can write formally the system (l), (2) , and (6) into the form Now let us introduce the following spaces
For all y = ( U , ti, q ) E H and ij = (6, 6 the inner product ij) E H , we define
P l
Next, we define the unbounded operator A :
With the previous notations, we can formulate system (8) 
(15) view of (15) we have -____ -- which proves that d is dissipative. 
Et(t) = M t ) . M t ) ) H
(28) which is equivalent to the equations (17) Now differentiating (25) and using (1) we obtain
Integrating by parts we obtain ? I + I ! , ( l ) + n I , ( l ) = 9 0 .
After obvious eliminations, we obtain the equations
1'
On the other hand, from (7) it follows that (21) 
Remark I : Given yo E D ( A 2 ) . we define y ( t ) = T ( t ) y o = ( u ( t ) . I ( t ) . ~( t ) ) .
By the Hille-Yosida Theorem we know that the
Thus there exists a constant T > 0, depending only on the constants a. m , a such that the following holds -_ _ _ So for all y o E D(AA2). we have the equivalence between the system (I), ( 2 ) , and (6) and system (14). But for general initial data yo E H or even for yo E D(=I). system (14) is only a weak form of the strong solution of (14).
From (28) and (33) it that system (l), (2) , and (6).
Now we prove that T ( t ) decays exponentially uniformly to zero. Theorem 2: Let T ( t ) be the CO semigroup of contractions generWe deduce that there exist constants to > 0, 0 < 7 < 1 such that ated by the operator il on the space H . Then there exist constants
Jf > 0, 6 > 0 such that for all yo E D ( A ) . By the density of D ( A ) in H it follows that (35)
(24) holds for all yo E H . 
(36) Taking the logarithms of both sides of (49), we get
On the other hand, by Sobolev embedding, we deduce that
Thus we obtain the exponential uniform decay of the motion of the tip mass for all smooth initial data yo E D ( d ) .
111. ANALYSIS OF THE SPECTRUM AND RATE OF DECAY In this section we calculate the spectrum of the operator d for special cases, and we prove that the spectrum determines the exponential decay rate given in formula (24) for the cases considered.
Here we have to work in the complex Hilbert space of L2 (0. 1 ), T ~ and H . For convenience, we do not change the notations for these spaces.
Let X E C be an eigenvalue, and let z = (.,x,q) E D ( d ) be an associated eigenvector of A. Hence we have 
" -2 -~l n l~l + n m l + a n Ez n > 1.
( 5 8 )
In both cases, the corresponding (not normalized) eigenvectors F, ).
(59) has to be studied separately.
Notice that all the roots of (53) have order of multiplicity one, except when cosh A, + cy sinh A, = 0. Then A, is a zero of order of two of (53), the other zeros being again of order one. This case Proof:
Then
Next we choose o > 0 so that 1 + 27n A ! Whereas the eigenspace relative to A, has dimension one, however, the algebraic multiplicity of A, is exactly two, which is also the order of A, as a zero of (53). Thus the operator A has a "Jordan form." Now 1 n -1 Then essentially the same proof as for part i) of Theorem 3
ii) A straightforward computation shows that the solution of (14) with initial condition F,, is 
Injecting (71) and (72), into (70) and using the property of Riesz basis, we get which yields the desired result. U
In that case, A, = -( l / a ) is the only eigenvalue of the operator A and the Riesz basis disappears. We expect that the decay rate is exactly ( l / u ) . More specifically, we have the following result. corresponding to the only eigenvalue A, = -( l / a ) , we obtain This means that in (24) the rate 6 = ( l / n ) is indeed the decay rate. Moreover we have M = 1, because of the contraction property of the semigroup T ( t ) . The proof is now complete.
IV. CONCLUSION
In this paper we studied the stability of a cable with a tip mass,
